ABSTRACT: Based on the approximate Jezek's method of beam-column theory, a computerized analysis was performed to determine the maximum strength of cold-formed steel columns. In this study, the effect of residual stress and initial imperfection on the column strength were taken directly into account in the analysis. In addition, the influence of residual stress on the local buckling strength of the cold-formed sections also was accounted for by using a new concept, called second reduction. The predicted column strengths were compared with the results of 104 column tests by previous researchers. From the results of the analysis, this study obtained a new column-strength curve for predicting the maximum strength of coldformed steel columns. The predicted values showed good agreement with the test results.
INTRODUCTION
Concerning the design of cold-formed steel columns, it is known that the column formulas for flexural buckling strength used in the American Iron and Steel Institute (AISI) specification (Specification 1986) are based on the Column Research Council's column curve. The CRC column curve was established based on tangent-modulus theory, which was originally developed for the design of hot-rolled steel columns. Recently, experimental results obtained by Dat (1980) and Weng and Pekoz (1990a) showed that for some types of cold-formed steel columns, the AISI column formulas may lean toward the unconservative side. Due to differences in the manufacturing process, the cold-forming and hot-rolling processes affect the residual stress and the variation of steel column material properties differently. Thus, it is thought that the direct use of the CRC column curve for the design of cold-formed steel columns may not be appropriate.
The objective of this study is to investigate the effect of residual stress and initial imperfection (crookedness) on the maximum strength of coldformed steel columns. The approximate Jezek's method of beam-column theory was used for the development of a new column curve. The analytical features of this study include the following.
1. The effects of residual stress and initial imperfection on the maximum column strength were taken directly into account in the computerized analysis.
2. The influence of the variation of the yield stress at the corner regions of a cold-formed steel section also was included in the analysis.
3. The predicted maximum column strengths were compared with the results of tests on 104 cold-formed steel columns performed by previous researchers, which included 59 locally stable and 45 locally unstable columns.
4. The effect of residual stress on the local buckling strength of cold-formed steel columns was accounted for by using a new concept, called second reduction (Weng 1991) .
RESIDUAL STRESSES AND SECOND REDUCTION

Residual Stresses In Cold-Formed Steel Sections
For cold-formed steel members, Weng and Pekoz (1990b) presented a detailed description of the residual stresses measured from a series of coldformed channel sections. The experimental results of their work are used in this investigation. The following is a brief summary of the results of the residual stress measurement obtained by Weng and Pekoz (1990b) .
1. The magnitude of the residual stress at the corner region was found to be greater than that at the flat portion of the section. In most cases, the magnitudes of the residual stresses at the corner region and the flat portion were found to be approximately equal to 70%Fy and 30%Fy, respectively.
2. Tensile residual stresses were found on the outside surface of the channel section, and compression residual stresses were found on the inside surface. At the same location, the magnitudes of the residual stresses on the outside and inside surfaces were very close.
3. At the flat portion, the distribution of the residual stress along its width was found to be nearly uniform.
According to the experimental findings, Weng and Pekoz (1990b) indicated that it seems reasonable to assume the residual stresses are linearly distributed through the thickness direction of the component plate elements of the cold-formed section.
Concept of Second Reduction
Based on an intensive experimental investigation, Weng (1991) proposed the second-reduction concept to incorporate the effect of residual stress on the local buckling strength of cold-formed sections. This effect may cause a further reduction on the strength of cold-formed steel columns. This concept is introduced briefly in the following paragraphs.
From the residual stress distribution pattern mentioned previously, the yielding propagation in an axially loaded cold-formed steel column is described in Fig. 1 . As shown in the figure, when the sum of the applied stress and compressive residual stress reaches the yield stress of the material, the channel section starts to yield from the inside surface (where compressive residual stress exists). The yielded zone propagates as the load increases. The figure reveals that the elastic portion of the plate decreases from the original thickness, t, to an elastic thickness, t e . Consequently, it is possible that a plate element that was originally fully effective may become partially effective if the width-thickness ratio of the element increases from bit to a larger value of blt e . This phenomenon indicates that the presence of residual stress may result in local buckling of a cold-formed section that was originally fully effective.
From this information, it is noted that the residual stress may affect not only the overall buckling strength, but the local buckling strength of a coldformed steel column. The influence of residual stress on the overall buckling strength has been taken into account in the AISI column formula {Speci-fication 1986) through the use of the tangent-modulus approach. This re- Fig. 2 , column curve A represents the strength of ideal straight columns without the influence of residual stresses. The first reduction refers to the weakening of the column strength from curve A to curve B. However, the residual stress may have an additional effect on the local buckling strength of cold-formed sections, which can result in a further reduction of the column strength. As illustrated in the figure, the reduction of the column strength from curve B to the test data points is a result of the second reduction. The concept of second reduction is included in this study to provide a better prediction on the maximum column strength.
JEZEK'S METHOD FOR BEAM-COLUMN ANALYSIS
There are several analytical methods for solving beam-column problems, including the deflection method, the curvature method, and the moment method (Chen and Atsuta 1976) . This study limits its discussion to Jezek's deflection-method approach.
The deflection method takes deflection as its major parameter. It requires solution of the following differential equation under various boundary conditions (Chen and Atsuta 1976 )
where M = bending moment; P = axial load; v = lateral deflection; q = lateral load; and z = longitudinal axis of the column. For most cases within the elastic limit, the exact solution can be obtained analytically. Beyond the elastic limit, the solution becomes more difficult because the momentcurvature-thrust (M-$-P) relationship is complicated.
Exact Jezek's Method
Jezek (1936) derived a closed-form solution to an eccentrically loaded, elastic-perfectly plastic column of rectangular cross section loaded beyond the elastic limit. The method requires solving (1) in three regions: elastic, primary plastic (yielding on the concave side of the column), and secondary plastic (yielding on both the concave and convex sides). Even for such a simple section with an idealized stress-strain relationship, the solution is still quite involved and requires elliptic integrals.
Approximate Jezek's Method
The procedure for solving the beam-column problem can be considerably simplified by assuming a suitable deflected shape for the column axis. This has been done by Westergaard and Osgood (1928) , who assumed a sinusoidal shape for the deflected column. They found that the results obtained by such a simplification are conservatively close to those obtained from the exact analysis.
To make a further simplification, Jezek (1936) proposed an approximate method by making the following three assumptions: (1) Lateral deflection of the column is assumed to be a half sine wave; (2) equilibrium is established at midheight of the column; and (3) the stress-strain relation is assumed to be elastic-perfectly plastic. The approximate Jezek's method was used successfully by Bjorhovde and Tall (1971) for finding the maximum strength of hot-rolled steel columns.
DETERMINATION OF MAXIMUM COLUMN STRENGTH
In this study, the mathmatical development of the approximate Jezek's method is implemented in a computer program. This program is used to construct a load-deflection (P -v) curve for each axially loaded column. The maximum load P in the P -v curve is the maximum strength of the column. Program data include: length of the column, cross-sectional and material properties, initial imperfection, and residual stresses. Fig. 3 shows a pin-ended column, which is eccentrically loaded, with an initial imperfection at midheight, V 0 . The column deflection at midheight due to applied load P is denoted V ; and the total deflection of the column at elevation z is denoted v(z). column, (1) where A and B = integration constants. From the boundary conditions at both ends, it is found that A = 0 and B = eP, where e is the eccentricity of the applied load. Consequently, (2) has the form
Strain-Displacement Relationship
M{z) = P[e + v(z)]
(4) the lateral deflection due to the applied load at elevation z of the column, v a (z) and v p (z), can be expressed as
The total deflection at elevation z of the column, v(z), is
If plane sections are assumed to remain plane and the deflection is small, the bending strain e b is related to the deflection v(z) by the familiar relationship
where 4> = the bending curvature and y = the distance from an arbitrary point to the neutral axis of the section. From (6) and (8), the curvature at the column midheight (z = LI2) due to the applied load becomes
Thus, the relation between the bending strain and the lateral deflection is found to be
Equilibrium Conditions
The equilibrium conditions of the axial force and bending moment require that
where P and P in = the external and internal forces; M and M in = the external and internal bending moments. At midheight of the column, the external bending moment can be found from
It is noted that under the combined axial load and bending moment, the cross section of the column may partially yield. Thus, the internal axial force and bending moment can be determined from where e and e y -the total and the yield strains of the material, and A e and A p = the elastic and the plastic areas, respectively.
Effect of Residual Stress on Local Buckling
According to the AISI {Specification 1986), the effective width, b ef{ , of a locally buckled plate element can be determined as follows: When X. < 0.673, local buckling does not occur
when A. > 0.673, local buckling occurs
where X = a slenderness parameter of the plate element, which is defined as (18) in which / = the actual stress; E = the Young's modulus; and k = the plate buckling coefficient. Based on the assumption of linearly varying residual stresses through the plate thickness, partial yielding may occur in the component plate elements of the section, as shown in Fig. 1 . Consequently, the original width-thickness ratio of the plate element is increased from bit to a larger value of blt e . In other words, the partial yielding results in an increase of the slenderness parameter of the plate element. Let \ e represent the slenderness parameter associated with the partially yielded plate element of elastic thickness t e (19) Thus, if \ e < 0.673, local buckling does not occur; if X c > 0.673, local buckling occurs and the effective width becomes _ P_^?
This discussion shows that the increase of the slenderness parameter from X to X e may cause local buckling of an initially fully effective plate element, which can result in a second reduction of the column strength. During the analysis, the values of X c for each plate element of the coldformed section are checked for a possible second reduction in every incremental step.
Computational Scheme
At the beginning of the computer analysis, a value of P is assumed for a given increment of lateral deflection. To construct the load-deflection curve for each column, the first value of P = 0.1P y was assumed, where P y is the yield load of the column. The external bending moment M can be determined from (13); and the associated bending strain can be calculated by using (10). Also, the axial strain caused by the external load P is found from 6 * = (^)
The total strain can be obtained by summing up the bending strain, axial strain, and residual strain. Then, the elastic and plastic parts of the section are determined, and (14) and (15) are used to calculate the internal force and moment. If the equilibrium conditions are satisfied, i.e., P = P in and M = M in , then a point on the column P-v curve has been obtained. However, if P in \ P, the axial strain e a is changed and P in and M," are recomputed. The convergence tolerances used in the iterative evaluation of equilibrium are \P -P,"\ < 0.001 kips and \M -M,-"\ < 0.001 kip-ft. After equilibrium is satisfied, the lateral deflection is incremented and a new iteration started. This procedure continues until the maximum load P is reached.
DATA INPUT FOR ANALYSIS
Column Test Data
In this study, data from 104 column tests were used. For locally stable columns, this study adopted 33 sets of data from Weng and Pekoz (1990a) and 26 sets from Dat (1980) , as given in Tables 1 and 2 , respectively. For locally unstable columns, this study used 12 sets of data from Mulligan (1983) and seven sets from Loughlan and Rhodes (1980) , as given in Table 3 . This study also used 26 sets of data from Loughlan and Rhodes (1980) for eccentrically loaded columns, as given in Table 4 . The columns were all pinended, with a lipped-channel cross section, bent about the weak axis. All columns were controlled by flexural buckling.
Residual Stresses
The results of the residual stresses obtained by Weng and Pekoz (1990b) were used in this study. The magnitudes of the surface residual stresses at the flat portion and corner region,/^and f rc , were equal to 0.3Fy and 0.7Fy, respectively. Also, the residual stresses were assumed to be linearly distributed through the plate thickness with compressive residual stress on the inside surface and tensile residual stress on the outside surface of the channel section.
Initial Imperfection
Because of the lack of actual measured data of initial imperfections of cold-formed steel columns, two different values of the initial imperfection at midheight of the column were assumed and used in the analysis, i.e., V 0 = L/1,500 and V 0 = L/1,000, where L is the length of the pin-ended column.
Variation of Yield Stress at Corner Regions
The test results obtained by Karren (1967) and Dat (1980) showed that the yield stress at the corners, f yc , of a cold-formed section is greater than that at the flat portions. In this study, a value of f yc = lAFy was used for By observing the input data, it is determined that at the corner regions, the magnitudes of both the residual stress and the yield stress are greater than those of the flat portions. As discussed by Weng and Pekoz (1990b) , it is likely that the influence of the higher residual stress at the corners may Note: 1 in. = 25.4 mm, 1 ksi = 6.89 MPa, 1 kip = 4.45 kN.
be negated by the increase of the yield stress. Besides, the area of the corner regions usually consist of only a minor percentage of the total area of a cold-formed section. Thus, for simplicity, it seems reasonable to neglect both the increases of the residual stress and the yield stress at the corners. Based on this observation, a set of simplified input data with values of f yc = l.OFy and/ rc = 0.3Fy for the yield stress and residual stress of the corner regions also were used in the analysis. The results obtained by using the simplified input data are then compared with those obtained without using such a simplification. Table 5 shows a comparison between the average predicted maximum column strengths and the test results of 104 cold-formed steel columns. The results shown in the table include two different cases: Case 1 was obtained without using the simplified input data for the corner regions; and case 2 was obtained by using such a simplification. Note: 1 in. = 25.4 mm, 1 ksi = 6.89 MPa, 1 kips = 4.45 kN.
RESULTS AND COMMENTS
For case 1 of Table 5 , the data input for analysis included the yield stresses for the corners f yc = lAFy and for the flat portion f yf = 1.0Fy; the residual stresses for the corners/". = 0.7Fy and for the flat portion/^ = 0.3Fy; and two different values of initial imperfection, L/1,500 and L/1,000. It is observed from case 1 of the table that: (1) The average ratios of the predicted maximum column strengths to the column test results, PJP test , were very close to 1.0 (from 0.952 to 1.009), and the coefficients of variation were all less than 7.2%. This observation indicates that the analytical procedure presented in this study is capable of providing a satisfactory prediction of the maximum strength of cold-formed steel columns; and (2) the use of an initial imperfection V 0 = L/1,500 provides a better prediction of the maximum column strength than using the value of L/1,000.
On the other hand, for case 2 of Table 5 , the influences of the increases of yield stress and residual stress at the corner regions were neglected; i.e., the values of f yc = l.OFy and/, r = 0.3Fy were used for analysis. From the results of case 2, it is observed that the average ratios of PJP Kst were between 0.948 and 1.011, which are very close to those obtained from case 1, where the ratios of PJP test were between 0.952 and 1.009. In addition, the magnitudes of the coefficients of variation shown in cases 1 and 2 also are quite close. This observation suggests that, by using the simplified input data for the corner regions, the maximum strength of cold-formed steel columns still can be predicted satisfactorily. In other words, the results of the analysis indicate that the influence of the increases of the yield stress and residual stress at the corner regions can be neglected. Loughlan and Rhodes (1980) Column number Note: e = eccentricity of the axial load; (1 in. = 25.4 mm, 1 ksi = 6.89 MPa, 1 kip = 4.45 kN).
Figs. A{a)-{d) show the ratios of the predicted individual maximum column strength to the column test results obtained by Weng and Pekoz (1990a) , Dat (1980) , Mulligan (1983) , and Loughlan and Rhodes (1980) , using the simplified corner data.
COLUMN-STRENGTH CURVE FOR LOCALLY STABLE COLUMNS
As shown in Fig. 5 , the predicted maximum strengths for the locally stable columns tested by Weng and Pekoz (1990a) and Dat (1980) were plotted in terms of a dimensionless column slenderness parameter X c , where Locally stable (Weng and Pekoz; Dat) Locally unstable (Loughlan and Rhodes; Mulligan) Eccentrically loaded (Loughlan and Rhodes) Locally stable (Weng and Pekoz; Dat) Locally unstable (Loughlan and Rhodes; Mulligan) Eccentrically loaded ( Weng and Pekoz (1990a) and Dat (1980) were plotted in Fig. 6 . The columnstrength curves shown in this figure were constructed according to the AISI specification (Specification 1986) (curve A), AISC LRFD specification 
(29) Q = ratio of effective section area to gross section area, A e{! /A g ; a = coefficient depending on type of cross section and plane of buckling (for this analysis a = 0.49).
From Fig. 6 , it is seen that, compared with the test results, the AISI column curve is on the unconservative side; and the ECCS column curve is very conservative. Thus, if the column curve proposed in this study (curve C) is used, the column strength can be predicted more closely. 
in which F e = the Euler column buckling stress and Q = A s{f /A g . As shown in Fig. 7 , the AISI design formulas for locally unstable columns were plotted for different values of Q. The test results of 19 columns, including 12 from Mulligan (1983) and seven from Loughlan and Rhodes (1980) , also are shown in the figure. Comparing the experimental results with the AISI predictions, it is seen that the AISI column curves tend to be unconservative. Thus, with regard to the locally unstable columns, the following design formulas are proposed Figure 8 shows the column curves constructed from the preceding formulas.
The column test results from Mulligan (1983) and Loughlan and Rhodes (1980) also are shown in Fig. 8 . It is seen that the formulas recommended in this study for predicting the maximum strength of locally unstable columns showed good agreement with the experimental results.
